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INTRODUCT ION 
A HANDLEBODY of genus g can be formed by adding g 2-handles along g disjoint simple 
closed curves on a surface of genus g. The curves are chosen so that their complement in the 
surface is a 2-sphere with 2 g holes, so the new manifold has a 2-sphere and a surface of 
genus g as boundary. A 3-ball is added along the 2-sphere to form the handlebody. The 
boundary of the resulting 3-manifold is the original closed surface of genus g. The mapping 
class group of genus g is the group of isotopy classes of diffeomorphisms of a surface of 
genus g, C,. We will call the subgroup that extends over a particular handlebody the 
handlebody group, and denote it by H. The mapping class group acts on the space of 
isotopy classes of measured foliations, 49, on the surface Xe, and on its projectivization, 
88, which is homeomorphic to S6g- ‘. 
There is a measure class on 99 which is preserved under the action and, with respect o 
this measure, the action is ergodic. A number of similarities have been noted between this 
action and the action of the fundamental group of a hyperbolic manifold on the sphere at 
infinity of hyperbolic space. For finitely generated Kleinian groups, the Ahlfors conjecture 
says that the limit set of such an action has either full measure (and the action is ergodic) or 
it has measure zero. It seems natural to conjecture that this also holds for subgroups of the 
mapping class group, acting on 99. In this paper, we verify this conjecture for the 
handlebody groups, H. (The case of g = 2 was done earlier by Masur [9].) It follows rather 
easily for any other subgroup which extends over an irreducible 3-manifold. 
We use the characterization of the limit set given by Masur [9] in his earlier paper which 
involves an infinite number of conditions on a foliation. These are easily translated into 
conditions on train track neighborhoods. By associating an infinite sequence of train tracks 
to every foliation, we see that the limit set is contained in a set obtained by successively 
throwing out subsets of the remaining set. The main step in this paper is to show that for 
any train track neighborhood the conditions fail for a set of a fixed proportion of the 
neighborhood with respect o the measure coming from the weights on the edges. However, 
this measure is not the same for different neighborhoods, so we need to apply the main 
result of an earlier paper which says that, for almost all foliations, the proportions given by 
the weights of the tracks associated to the foliation are within a fixed constant times the 
ones coming from the chosen measure. Thus the limit set is contained in a set gotten 
by throwing out a fixed proportion of the remaining set infinitely often, and hence has 
measure zero. 
In Section 1, we recall the characterization of the limit set given in [9] and reduce the 
question of its measure to that of a slightly different set, W, the foliations with “returning 
arcs”. In the next two sections, we prove that @ has measure zero (Theorem 2). Section 2 
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contains most of the new material. It is there that we show that, for every train track 
neighborhood, there is a subset occupying a fixed proportion of the natural track measure 
which is not in W (Theorem 1). In Section 3, we introduce the concept of the expansion of a 
foliation via the splitting operation on train tracks, and apply the results of [8] to conclude 
our results. Section 4 contains a discussion of other 3-manifold groups and some comments 
on the statistical occurence of certain properties in 3-manifolds. 
1. DESCRIF’TION OF THE LIMIT SET 
This section is a brief summary of the description of the limit set of H given by Masur. 
For details and proofs, see [9]. 
Fix a handlebody, M3, of genus g. The subgroup, H, of the mapping class group of the 
boundary surface, Xg which extends to M3 acts on the sphere of projective classes of 
measured foliations, 9’9. Its limit set, A, is defined to be the smallest, non-empty closed 
subset invariant under H. (Other natural definitions exist; however, they all agree up to sets 
of measure zero. See remarks at the end of this section.) This turns out to be the closure in 
Pp9 of the set of simple closed curves in Cd which bound disks in the handlebody. To see 
this, note that such a curve is a fixed point of the Dehn twist around the curve and that this 
twist extends to the handlebody since the curve bounds a disk in the interior. Any foliation 
which intersects uch a curve is attracted to it under iterates of the twist. It follows easily 
that some non-separating curve which bounds a disk must be included in any closed 
invariant set. Hence all such curves are in it, since they are all equivalent under H. The 
separating case is similar. Thus the set of bounding curves and hence its closure is in the 
limit set. We need a characterization of this closure. 
Let B be the set of isotopy classes of homotopically non-trivial simple closed curves on 
the boundary surface C% which bound disks in the interior. A cut system is a collection of 
simple closed curves, C = (C,, . . . , C,}, C,EB which, together with the disks they bound, 
cut the handlebody into a 3-ball. The curves are necessarily non-separating, disjoint, and 
non-homotopic. Masur [9] shows that a non-trivial simple closed curve, 7, belongs to B iff, 
for every C, (when isotoped to have the minimal number of intersections with each Ci E C), it 
satisfies one of the following conditions: 
(1) For every i, Ci n y = 0 
(2) For some i, ‘J intersects Ci and then, before intersecting any Cj (including i =j), returns 
to intersect Ci again on the side it just left. 
Suppose FE 89 is in A. Then F is approximated by y. E B satisfying the conditions (1) 
or (2) above for each cut system C. Condition (1) means that the intersection number of yn 
with Ci, (denoted by i(y,, C,)) is zero. Since i(. , .) is continuous on &VF, condition 1 holds 
for F in the limit if it holds for all n > N. In the limit condition 2, which we will call the 
“existence of returning arcs”, either persists, (if one allows singular leaves) or results in 
LIMIT SET OF THE HANDLEBODY GROUP 29 
condition 1. (See [9].) Thus the subset 2 of foliations which for all cut systems either have 
intersection number zero with some member of the system or have returning arcs contains 
A. The subset satisfying the first condition even for one cut system has measure zero so we 
may restrict to the set satisfying the second condition. 
Definition. Let W c 99 be the subset of foliations F such that for every cut system 
C={Cr,..., C,}, i(F, Ci) # 0 Vi and there is a (possibly singular) returning arc for some 
Ci; i.e., when F is placed transverse to the Ci, there is a leaf intersecting Ci which, before 
intersecting any Cj (including i =j), returns to intersect it again on the side it just left. 
The next two sections are devoted to proving: 
THEOREM 2. The set 9 offoliations with returning arcs for all cut systems has measure 
zero. 
We have, as an immediate corollary, the main result of the paper: 
THEOREM 3. The limit set A of the action of the handlebody group, H, has measure :ero. 
Remarks. In [l l] it is shown that if a subgroup of the mapping class group is 
“sufficiently large” (which means that there are at least two pseudo-Anosov elements with 
distinct endpoints) then there is a unique, minimal, invariant set for its action of 99. This is 
the natural set to take for the limit set in this case. This is the case for the handlebody 
group, B. More generally, one can take the closure, A, of the limit points of the action as 
the limit set. 
For any set T in 99 one can form the set ZT of foliations which have intersection 
number zero with some element of T. By continuity of intersection umber, ZT is closed if T 
is. The general result in [ll] is that subgroups act properly discontinuously on the 
complement of ZA. Thus, in general, (for any reasonable definition of the limit set), one 
concludes that the limit set is contained in ZA. This result holds even if one extends the 
action on 89 to the Thurston compactification of Teichmuller space, TB, which is given by 
TB v 9’9. 
Finally, we note that for any set T, the difference ZT- T has measure zero. This is 
because the difference consists of non-uniquely ergodic foliations and the set of all such 
foliations in PB has measure zero. (See [9], [S].) 
2. TRAIN TRACK NEIGHBORHOODS AND Jt 
A train track r is a graph in a surface, where, at each vertex each edge is labelled as 
incoming or outgoing. We will assume our graphs to be tri-valent with two incoming and 
one outgoing edge. This is usually depicted pictorially by bringing the two incoming edges 
together tangentially in a cusp at the vertex. (See below.) There are some standard further 
conditions on the complementary regions of T (that there are no disks, monogons, or bigons 
when the edges are drawn tangentially as described above). For details on these conditions, 
on the splitting operation described below, and on train tracks in general see [l] or [4]. 
Two tracks are considered equivalent if they are isotopic (or if they are equal after a sliding 
operation of which we make no use, see [4]). The complements of all the tracks we consider 
will be a union of disks with 3 cusps (“triangles”). 
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Not allowed 
For each assignment of non-negative real weights to each of the edges, with the proviso 
that the incoming weights equal the outgoing weights at each vertex, we can associate a 
foliation. A foliation can be uniquely described in this way for a fixed train track. The train 
track is then said to “carry” this foliation. The set of foliations carried by a train track, 5, is 
called a “train track neighborhood” and is denoted by N(T). When the train track has 
complementary regions which are all triangles, the set described by all positive weights is an 
open set in the topology of .&9. We can use the weights as local co-ordinates and think of 
the train track neighborhood as a subset of R”, where n equals the number of edges. 
Projectivizing, a train track describes a train track neighborhood in 99 which can be 
viewed as a polyhedral subset of an n- 1 dimensional simplex which is, itself, viewed as a 
subset of R” (with coordinate sum 1). As such it inherits a natural measure from the induced 
metric. Throughout this paper, this is the measure that will be used within a train track 
neighborhood. 
In order to define a global measure on 89, note that the space _M9 (and, hence, 39) 
is covered by a finite number of train track neighborhoods. We pick such a covering and use 
the corresponding measures. This measure depends on our choices, but the measure class 
(i.e., which sets have measure zero and which have full measure) does not. To see that the 
measure class is independent of our choices note that the change of co-ordinates is given by 
piecewise linear maps on Jf9 (and piecewise projective linear on 9’9). There is no lower 
bound to the derivatives of all such maps so we must be careful when discussing infinite 
sequences of train track neighborhoods. However, for any given change of co-ordinates, the 
measure class is well-defined. In particular, the mapping class group preserves this measure 
class. 
The main result of this section concerns the size of the set 9 in every train track 
neighborhood. 
THEOREM 1. There is a constant K > 0 such that, for every train track T, and its coeficient 
measure, p, there is a sub-track CT’ such that 
AN(o’))lHN(4) > K > 0 
and such that N(a’) n 99 = 0. 
We will first consider a particular example, TV, of a train track. Choose a pair of pants 
decomposition of Ze. Form u by letting it equal the track in Fig. 1 in each pair of pants 
minus an annular neighborhood of the boundary and the track in Fig. 2 in each annulus 
connecting adjacent pair of pants. The resulting track has the form in Fig. 3 in each adjacent 
pair. 
We will see that understanding this particular example will be sufficient. To this end, we 
first prove the following elementary lemma: 
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Fig. 2. 
Fig. 3. 
LEMMA. For every train track T there is a train track, 6, equivalent under the mapping class 
group to thejxed track CT, such that N(d) c N(r). 
Proof: Suppose we could find a pseudo-Anosov element, 7, in the mapping class group 
with its attracting fixed point, a, in the interior of N(r) and its repelling fixed point, r, in the 
complement of N(o). Since every point except r approaches a under iterates of y, all of N(o) 
will approach a. Since N(o) is compact, there is a value n such that y”(N(a)) c N(T). 
To see that such a y exists, simply note that the fixed points of pseudo-Anosov elements 
are dense in 89 x 99. (See e.g. [lo].) I 
Since there are only finitely many types of tracks r, up to the action of the mapping class 
group, we conclude (with the notation as above): 
COROLLARY. There is a constant k > 0 such that p(N(d))/p(N(~)) > k > 0 independent of 
T, where p is the coeficient measure of the track T. 
Thus we may restrict ourselves to tracks, 5, which are combinatorially equivalent o c in 
proving Theorem 1. 
There is some element y of the mapping class group which takes d to u. In general, 7 $ H 
so we must consider a new handlebody in which a new set of curves on X0 bound disks. The 
curves in the new handlebody which bound disks are precisely those of the form r(B), fl E B. 
It suffices to prove Theorem 1 for the fixed track Q in relation to an arbitrary handlebody. 
This will be our point of view for the remainder of this section. 
We fix an arbitrary handlebody and continue to denote the set of curves that bound 
disks by B. In general, every curve in B may be extremely complicated with respect o the 
curves {ai> determining the pants decomposition. The main difficulty in proving Theorems 
1 and 2 for g > 2 seems to be. that we have no control over which ~5 (and hence which 7 E r,) 
we must consider. In [9], Masur was able to restrict consideration to those t? for which 7 E B. 
None of the discussion in this section was necessary. (See comments in the next section.) The 
main point here is that, although the curves in B may intersect he {ai} many times, we may 
choose a cut system that intersects the pairs of pants in a few, controlled patterns. 
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Begin with any cut system C = (C,, . . . , C,}, C,EB. Look at the way the curves, Ci, 
intersect the {Xi}. The basic operation we employ is the following: For any returning arc, 
leaving Ci and then returning on the same side of Ci (without any intersections in between), 
we do surgery on Ci. The points of intersection divide Ci into two arcs. We can form two 
new curves, Cl, Cf, by taking the union of the returning arc with one of the subarcs of Ci. 
Both Cl and Cf’ are in B and, since the surgery decreases the number of intersections with 
the {ai}, neither equals Ci. In the complement of C (which is a sphere minus 2g disks) exactly 
one of the surgered curves separates the two boundary components coming from Ci. 
Assume that it is Cl. By an easy homology argument, the collection, {C,, . . . , Ci- , , 
CI,Ci+r* * * .V C,}, is a new cut system. (See [93 for details.) 
Consider the new cut system, and continue to call it C. The new system has strictly fewer 
intersections with the {ai>, so, eventually, there will be no further returning arcs. 
The intersection of our cut system, C, with each pair of pants, P, will be isotopic to one of 
the following (up to permutation of the boundary): 
Type 2 
In the last two cases, the boundary components not intersecting C will be in B and may 
or may not belong to C as well. To get our final cut system we analyze these 5 cases. 
The complement of C for types 1 and 2 is a union of hexagons and rectangles with sides 
alternating between arcs in the boundary of P and ones in C. None of the boundary arcs is a 
returning arc by construction of C. If all the pants are of type 1,2, and 5, we leave C alone. 
For type 3, the complementary regions are rectangles and one octagon with alternating 
sides. Consider an arc connecting opposite sides of the octagon which are in C. There are 
two choices of such arcs. If either is a returning arc, use it to form a cut system C. This 
replaces 4 intersections with the boundary of P by 2, so it reduces the total number of 
intersections. We may get new returning arcs within the boundary. If so, alter C as above. 
Eventually this process must stop; either we can draw no returning arcs across the octagon 
or we have one of the other types. 
How we deal with type 4 depends on how the pants are attached. To make these notions 
precise, put the curves Ci in a canonical position with respect o the pants decomposition; 
i.e., the arcs go straight across the pants until they hit the annular neighborhood of the 
boundary. In the annulus, they spiral around linearly until they hit the other side. We say 
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that the curves twist to the right (left) n times if every arc in the annulus wraps around at 
least n times to the right (left). In this case, no arc twists around more than n + 1 times. 
The bad case occurs when one of the two components intersecting C is attached with 
some amount of left twist, the other with some right twisting. The complement of C in this 
case is a rectangle (with alternating sides) minus a disk. There are two returning arcs which 
can be drawn here which can’t be pushed into the boundary. (See figure below.) One of the 
surgeries for each gives the third boundary component of P. This surgery is allowable at 
most once. It may introduce new returning arcs on the boundary. Alter C as before in this 
case. 
The remaining surgeries add a left twist to the surgered arc of Ci at one boundary, a right 
twist at the other in first case, and add the reverse twists in the second. Neither changes the 
type or the number of intersections with the boundary. (However, the new cut system is 
clearly distinct from the previous one.) We will still be able to draw the two returning arcs, 
but, after the operations below, it will be possible to avoid foliations carried by u which have 
such arcs by restricting to a subset of N(a). 
Do the surgeries until at least one of the boundary components has the property that 
every arc goes straight across the annulus. Note that this process decreases the amount of 
twisting, left or right, but never alters direction of twist, so doing it on adjacent pants can be 
done independently. If there are several pants of type 4 glued together along the compo- 
nents which intersect he Ci, we call this a “string” of type 4. We need to insure that all the 
non-zero twists in each string are in the same direction. 
Suppose that the string consists of exactly two pants and there are non-zero twists in 
opposite directions. The pants must be glued together along a component with zero twist. 
Consider the sphere minus 4 disks, Q, gotten by glueing the pants along this boundary 
component. Since two of the boundary curves Q are in B, there are curves in B separating 
them from the other boundary components of Q. There is a unique such curve missing the 
Ci. (See below.) Consider the pair of pants bounded by this curve and the two boundary 
components of Q intersecting the Ci. Apply the previous operations to this pair of pants to 
insure that the twisting is in the same direction at the two boundary components. This does 
not affect the twisting at the curve along which the pants were glued to form Q. 
The proof that we can insure twisting in the same direction for any string follows by 
induction on the number of pants in the string. Given a string of length n, with twists in 
different directions, there are two pants glued along a component with no twist. By cutting 
along the curve chosen above in Q, we get a string of length strictly less than n. 
Thus we can assume that all non-zero twists in every string are in the same direction. If 
all the non-zero twists are to the left or twist to the right ~3 times, go to the next step. If 
there are annuli with more than 3 right twists, distribute them, by surgery in the pairs of 
pants, until either every annulus has 2 3 right twists or every annulus has I 3 right twists. 
Finally, we enlarge C to include any of the {cr,} which miss the cut system in types 4 and 
5. For any given foliation, this cannot decrease the set of returning arcs with respect o C 
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New curve 
since these new curves disconnect he surface (sphere-29 disks) in the complement of the cut 
system. Any returning arc lies in this surface so it either misses any given cci or, if it intersects 
it, must intersect on the same side before returning to the same boundary curve. 
We continue to denote this enlarged system of curves by C. It has the property that, 
except for pants of type 4 and 5, there can be no returning arc of a foliation which lies 
entirely in a pair of pants. This completes our operations on C. 
Now consider the foliations carried by our track O. Recall that this track is determined 
by a pair of pants decomposition of the surface, and is in a particular form inside the pants 
and inside the annuli on the boundary of the pairs of pants. Because of the form of the track 
in each pair of pants, there are no leaves that enter and leave any pants from the same 
boundary component. Thus there will be no returning arcs involving the {ai} which are in 
C; in particular, there are none in pants of type 5. 
For each annulus, there is a “splitting” operation which determines a pair of tracks, o’, 
a”, whose neighborhoods are subsets of N(a). The interior of the subsets are disjoint and 
their union is all of N(a). The new tracks are described in each pair of pants as in the figure 
below. We will say that the track is “split across” the annulus in the first case and “twisted 
around” the annulus in the second case. The first operation will be done at most once in any 
given annulus. Note that b” is combinatorially equivalent to o, differing only by a Dehn 
twist in the annulus (and an isotopy). Thus we are free to repeat the operation. The 
foliations carried by the track gotten by twisting n times around the annulus must spiral 
around the annulus n times before crossing it. 
- - 
__-- El _ --_ 
Each operation subdivides N(o) into pieces with positive measure. If we bound 
number of twists in each annulus, the resulting subset will occupy a proportion of 
measure of N(a) which is bounded below. 
the 
the 
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The main point at this stage will be that, by splitting 0 a bounded number of times if 
necessary, we can force any leaf of the foliation carried by our track to intersect the arcs of 
the Ci in each pair of pants, P, at least twice before leaving P. This forces all arcs between 
intersections to be isotopic, keeping endpoints on the Ci, to arcs in a single P. This implies 
that there are no returning arcs for types 1,2 and 3. Although there can be returning arcs in 
the pants of type 4, these will be ruled out by the same splitting process. 
We now alter ~7 according to C. If C twists to the left at least 3 times in an annulus, we 
leave r~ alone in that annulus. If it twists to the right at least 3 times, we split r~ across the 
annulus. In the remaining cases, we twist u 6 times to the right; this puts us in the first case if 
we identify the new track with G via 6 left twists. The first two cases therefore suffice for the 
purpose of understanding the way the foliations intersect the Ci. (There is a slight proviso 
here: if an annulus belongs to a string of type 4 pants we associate to it the smallest amount 
of twist within the string. This is to avoid doing different operations to the different annuli in 
a string where there is twisting both 2 and 3 times in the same direction.) Once this splitting 
has been done, the track can be isotoped, without further splitting, to be transverse to 
the Ci. 
To see this, we first exclude type 2 pants. In the remaining case we can isotope the track 
to be disjoint from the Ci in the complement of the annuli around the boundary curves of 
the pairs of pants. In the type 2 pants, we isotope the track to be disjoint from the arcs in C 
which begin and end at different boundary components. The arcs that do begin and end at 
the same component are isotoped to the right of the central triangle of the track if the twist 
at that boundary is to the right and to the left of the triangle if the twist is to the left. 
Within the annuli, the track is isotoped into one of the following forms, depending on 
the direction of the twist. The important point here is that because C twists to the left or 
right at least 3 times, all of the pictured intersections actually occur. The track is transverse 
to C as long as there are no disks in the complement of the track and C whose boundary 
consists of one arc from the C and another from the track. (An “arc” in the track cannot 
contain a cusp on the inside of the disk.) 
e--z__ 
B __ -- __- --__ 
Right twist Left twist 
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There are clearly no disks of this form in the annuli. However, if the twists on the 
boundary of a pair of pants are not all in the same direction, there will be exactly one disk 
running through the pants between two of the annuli. In this case we isotope the track so 
that the arcs of C on the boundary of the disk cut through the central triangle. Now the 
track is transverse to C. 
Any leaf in a foliation carried by our track is represented by a path along the train track 
and will have the same intersections with C as the train path. Since the track is transverse to 
C, there are no unnecessary intersections. Thus any returning arc would appear in the train 
track itself. 
Right 
Left Left 
By construction, all successive intersections of the track with the curves are contained in 
a single annulus, or between an annulus on the boundary of a pair of pants and the region of 
the pants inside the annuli, or between two annuli on the boundary of a single pair of pants. 
In any case, they are contained in a single pair of pants. Hence, as noted before, there can be 
no returning arcs in pants of type 1, 2 and 3 (or type 5 which was already ruled out for the 
whole track a.) The Ci twist the same direction in each type 4 pants, so there are no 
returning arcs connecting two different annuli. There are no intersections in the comp- 
lement of the annuli, and there are never any returning arcs in a single annulus. Thus there 
are no returning arcs in the type 4 pants either. 
We have finally(!) arrived at the following conclusion: 
PROPOSITION. For every handlebody of genus g, there is a cut system C and a sub-track a’ 
of thejxed track a, gotten by splitting a less than (39 - 3) 6 times, with the property that no 
foliation carried by a’ has a returning arc with respect to the system C. 
This, together with the fact (Corollary 4.1) that within every train track neighborhood 
there is another train track neighborhood N(d) such that 
implies Theorem 1. 
THEOREM 1. There is a constant K > 0 such that, for every train track 7 and its coeficient 
measure, p, there is a sub-track a’ such that 
p(N(a’Hlp(N(4) > K > 0 
and such that N(a’) n 99 = fa. 
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3. THE EXPANSION OF A FOLIATION 
In this section, we will recall the basic facts from [S] about the infinite sequence of train 
track splittings associated with a measured foliation. This process, called a simplicial 
system, has certain strong uniformity properties which allow us to prove that the set W and, 
hence, the limit set of the handlebody group, has measure zero (Theorems 2 and 3) as a 
direct corollary of the results of the previous section. 
Given a train track, T, any set of weights on the branches of the track which satisfy the 
switch condition determines a foliation. The set of foliations so determined is denoted, as 
before, by N(r). There is a general splitting operation on T of which we have seen a special 
case in Section 2. Pick a “winged” branch within 7, i.e., a branch which is the outgoing 
branch at each of its endpoints. Choose a foliation carried by 7. Label the weights of the 
branches around the winged branch by a, b, c, d, e as in the figure below. If a > b (hence by 
the switch condition d > c) we split T as below to form a new track T’ as below. 
If a < b (hence d < c) we form the track T” below. 
d 
We ignore the case a = c since this has measure zero in N(r). The original foliation will 
be carried by the new track determined by this process with new weights as denoted above. 
The new weights are related to the old by 
e=e’+b+c 
respectively. 
e=e”+a+d, 
This process decomposes N(r) into the union of N(Y) and N(T”), disjoint except on the 
boundary set where a = c (i.e. where e’ = e” = 0). Moreover, the co-ordinates of N(r) in A.9 
are related to those of the new tracks by the linear maps above. In 99, they are related by 
the corresponding projective linear maps. 
For every foliation in N(r) we get an infinite sequence of train tracks, T” and projective 
linear maps A, of the train tracks into N(r) (assuming we never get equality in the 
inequalities above). The images of the tracks are nested; for almost all foliations the infinite 
intersection of these images is the foliation itself. (The general theory is that the infinite 
intersection equals the set of foliations topologically equivalent o F. This set equals F when 
it is uniquely ergodic. The set of uniquely ergodic foliations has full measure in 89. See 
[lo], [S] for details.) We call this sequence of tracks and maps the “expansion” of F in N(r). 
In the case of a punctured torus it is directly related to the continued fraction expansion of 
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the ratios of the weights of the branches in the standard train tracks on the torus. The 
expansion depends on the choice of a winged branch at each stage; we choose such a branch 
in each combinatorial type of track to make the expansion canonical. 
Since the images of the A, are nested, the jacobians of the maps will generally go to zero. 
However, what we will need to control is how the jacobian varies over 5,. If the ratio of the 
jacobians at any two points in N(r,) is bounded below by 1 > C > 0 we say that A, is “C- 
distributed”. (This condition is established by bounding the ratios of the co-ordinate sums 
of the columns of A,.) In [8], the following estimate is established: 
PROPOSITION. There is a constant 1 > C > 0 such that,for almost allfoliations FE 89, the 
projective linear maps A,, in the expansion of F are C-distributed infinitely often. 
Consider any measurable subset S of N(r,) and denote by p(S) the proportion of the 
measure of N(r), that S occupies with respect o the co-ordinate measure of T,. Similarly, let 
p,(S) denote the proportion of the measure of A,(N(r,)) that A,(S) occupies with respect o 
the co-ordinate measure of T. If the map A,, is C-distributed, then the ratio p,(S),!p(S) is 
bounded below by C for all measurable subsets S. 
We can now complete the proof of Theorem 2, that 9 has measure zero: 
Proof of Theorem 2. We cover 9’9 with finitely many train track neighborhoods. 
Choose one, N(r), and denote it by N. It suffices to prove that the measure of 99 in IL’ is zero. 
As always, we use the co-ordinate measure from r in N. 
By Theorem 1 there is a subset N(a’) of N which occupies a proportion of the measure of 
N bounded below by K and which has the property that N(o’) n 9 = 0. Throw out this set 
and subdivide the remainder by the splitting process above. Further subdivide until all the 
expansions are C-distributed. This will generally be a countably infinite subdivision of 
almost all of the remainder. Again by Theorem 1, in each train track neighborhood of this 
subdivision, we can throw out a set of proportion at least K with respect to the track 
measure. Since the maps from the track co-ordinates to the subsets of N are C-distributed, 
the set we throw out in each case will have proportion at least KC with respect to the 
measure on N. Thus the total proportion thrown out of the remainder is at least KC. 
Subdivide what’s left and continue as before. 
At each stage, we have found a set of proportion at least KC of the remaining set whose 
complement contains 9. At the nth stage W is contained in a set whose measure is less than 
(1 - KC)” times that of N. This is true for all n, so the measure of 59 is zero as claimed. I 
SECTION 4 
In this section we will discuss some fairly immediate corollaries of the results and 
techniques of the previous section. 
Let M3 be any orientable, irreducible 3-manifold with a surface, C,Z, of genus g, g > 1, as 
one boundary component. Let G be the subgroup of the mapping class group of Xi which 
extends over M3. Let AG be a minimal closed, invariant set in 9’9 which we will call “the 
limit set” of G. As discussed before, when there are at least two pseudo-Anosov elements in 
G with distinct fixed points, this minimal set is unique and differs from any other reasonable 
definition of limit set by a set which clearly has measure zero. (See [l 11.) The pseudo- 
Anosov condition is satisfied, for example, whenever Xi has at least two compressing disks. 
The other cases are sufficiently simple that it is again clear that any reasonable definition of 
limit set will lead to a set of measure zero. The results of the previous sections lead directly 
to the following generalization of Theorem 3. 
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THEOREM 4. The limit set, A,, of the subgroup, G, of the mapping class group which 
extends ocer an orientable, irreducible 3-manifold M3 has measure zero except when 
M3 = Z:x[O, l] (and hence G is the entire group). 
Proof: If the boundary component X:p’ is compressible then there is a non-empty 3- 
dimensional submanifold with boundary in M3, called a compression body, which contains, 
up to isotopy, all the compressing disks for X: ([2]). It is formed by adding k 2-handles to 
Xf x { 1 } in a tubular neighborhood, Xjx[O, 11, of the boundary component and capping off 
any 2-spheres with 3-balls. The compression body is unique, up to isotopy, so that we can 
consider the group G as a subgroup of the group G’ which extends over the compression 
body. The limit set for G’ can be taken to be the closure in 9.9 of all the curves which 
bound disks in the compression body. By adding more 2- handles to the compression body, 
we can reach the case of a handlebody. The set of curves bounding disks in the compression 
body is a subset of those bounding disks in the handlebody. The closure of the larger set was 
shown to have measure zero in the previous sections. 
If E: is incompressible, then there is another canonical submanifold, the characteristic 
submanifold, which contains all essential, nonperipheral, annuli and tori [6]. It is unique up 
to isotopy, so we may assume that it is preserved for any element of G. If the characteristic 
submanifold is empty, M3 is called “simple”, and is known to have a finite mapping class 
group (C71). 
If the characteristic submanifold is non-empty, but is disjoint from Xg’, consider its 
complement is M 3. The component of the complement containing C,’ has boundary equal 
to Xi union a finite number of tori which were in the boundary of the characteristic 
submanifold. This component is simple, so the subgroup G’ extending over it is finite. Since 
the characteristic submanifold is canonical, G can be viewed as a subgroup of G’, and hence 
is finite. 
If the characteristic submanifold intersects Xg’, then either it does so in the entire surface 
or in a subsurface with certain simple closed curves in its boundary. In the first case, M3 
must equal E,2x[O, l] by a lemma of Waldhausen ([13]). In the second case, the curves in 
the boundary of the subsurface must be preserved (up to isotopy) under every element of G. 
In other words the group G is reducible with these curves as part of a canonical reducing set 
of curves. The subset 9 of 99 consisting of foliations having zero intersection umber with 
these curves is a closed invariant set which, locally, has codimension at least one and thus 
has measure zero. 
Consider the set 29 of foliations having zero intersection umber with some element of 
9. It follows from [l l] that G acts properly discontinuously on the complement of Z9. 
(What is shown there is that a reducible group acts properly discontinuously on the 
complement of the analogous set formed from the reducing curves and the limit sets of the 
component subgroups.) Therefore all limit points must be contained in ZX. Recall from the 
end of Section 1 that the measure of the difference between a set T and the set ZTalways has 
measure zero. Thus ZY, and hence the limit set, has measure zero. I 
Remark. It seems likely that the irreducibility requirement is unnecessary. However, the 
uniqueness properties of some of the submanifolds used in the proof no longer hold; this 
complicates the argument. 
We now apply our results to another situation in 3-manifold theory, adding a single 
2-handle to a handlebody. By a result of Pryzytski Cl23 (see also Jaco [YJ), if a single 2- 
handle is added to a handlebody, then the resulting 3-manifold is irreducible and has 
incompressible boundary iff the core of the 2-handle has the property that it intersects every 
element of B, i.e., every simple closed curve which bounds a disk in the handlebody. 
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Consider the closure, %‘, of the set of curves in 93 which have intersection number zero 
with some element of B. Since intersection number is continuous on MS”, this set is 
contained in the set of foliations which have intersection number zero with some element in 
the closure of B. The closure of B has measure zero by Theorem 3. As noted above, the 
measure of the difference between a set T and the set ZT always has measure zero. Thus %’ is 
the union of two sets of measure zero and therefore has measure zero. Taking its 
complement, we conclude: 
THEOREM 5. Fix a handlebody of genus g, g > 1. There is an open set offjiill measure in 9.9 
with the property that every 3-manifold obtainedfrom this handlebody by attaching a 2-handle 
along a curve contained in this open set is irreducible and has incompressible boundary. 
Remark. It seems likely that a similar result holds if we insist further that the resulting 
3-manifold is atoroidal and anannular. (See [3].) 
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